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a b s t r a c t

Recent empirical works have confirmed the importance of sentiment in asset pricing. In
this paper, we propose that sentiment may not affect everyone in a homogeneous way.
We construct a sentiment indicator taking into consideration behavioral heterogeneity of
interacting investors. We find that sentiment contributes to several financial anomalies
such as fat tails and volatility clustering of returns. More importantly, investor sentiment
could be a significant source of financial market volatility. Our model with sentiment is
able to replicate different types of crises, in which the crisis severity is enhanced with
rise of sentiment sensitivity of chartist traders.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

For a long time, Efficient Market Hypothesis (EMH) has been the cornerstone and mainstream belief of the modern
sset pricing theory. In recent years, however, skepticism against the validity of EMH has grown in light of its failure to
xplain several ubiquitous financial regularities, such as excess volatility and systemic under- or over-valuation of stock
rices relative to their intrinsic values. This gives rise to the alternative behavioral finance theory which aims to provide
ationale behind the unexplained market anomalies.

Behavioral finance challenges the fundamental assumption of EMH, in that investors are assumed to be boundedly
ational and human psychology plays a crucial role in investment decision-making. In fact, even before behavioral
aradigm came into the limelight in finance and economics, investor sentiment has been perceived as a common
henomenon by financial analysts and investors. As quoted from [1], ‘‘One of the oldest theories about financial markets,
xpressed long ago in newspapers and magazines rather than scholarly journals, is, if translated into academic words, a
rice-to-price feedback theory". The feedback theory suggests that an increase in speculative prices is further propagated

nto bubble when financial successes of some investors are envied by the others and lead to public enthusiasm towards
he speculative asset despite such upward spiral in prices is unsustainable. While conventional wisdom largely supports
he idea that investor sentiment may overcome rational thoughts in trading behavior, the sentiment analysis has only
tarted gaining recognition in financial academic research in the past two decades.
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One of the pioneering works formalizing the role of investor sentiment in financial market is the noise trader model
proposed by De Long et al. [2]. In their model, uninformed noise traders are susceptible to the influence of sentiment that
is in part unpredictable, while rational investors are wary of the noise trader risk and refrain from aggressive arbitrage,
thus contributing to prolonged mispricing in financial markets. The subsequent related studies conduct more in-depth
analyses on specific channels of investor sentiment. Lux [3,4] explicitly model market mood contagion through social
interaction among agents to provide a behavioral explanation for bubbles and crashes. Daniel et al. [5] and Barberis
et al. [6] construct models of investor sentiment based on psychological evidence to reconcile the empirical findings
of over-reaction and under-reaction of stock prices to news. In particulars, [5] attribute sentiment to overconfidence and
self-attribution, whereas [6] concentrate on conservatism and representativeness heuristic. More recently, researchers
try to quantify the effect of sentiment on financial markets using empirical method. Baker and Wurgler [7,8] develop a
‘‘top down’’ approach to behavioral finance, by first forming a composite sentiment index and then empirically testing
the effects of the sentiment index on different types of stocks. They find that low sentiment can predict higher returns
for a subset of stocks. By investigating the interactions between daily media context from Wall Street Journal column
and stock market from 1984–1994, [9] finds that media content is linked to the behavior of individual investors rather
than serves as a proxy for new information about fundamental asset values or proxy for market volatility. Furthermore,
he finds that high media pessimism predicts downward pressure on market price and increased market volatility. To
date, there have been many studies, both theoretical and empirical, that prove evidence of investor sentiment effects
in financial market (See for examples, [10–13]). In view of that, several experimental studies have brought this into
laboratory environment and find that investor’s psychology, specifically over-optimism [14], friendship network [15]
and induced positive mood [16] can amplify market price oscillations. Most empirical and experimental studies focus on
addressing what determines sentiment and how sentiment could be used in financial analysis. Very few, however, track
the roots of sentiment formation in behavioral trading and model the sentiment formation process in dynamic systems.

Previous literature has the consensus that the investor sentiment can affect asset prices but the question of its
importance on these prices remains. More specifically, can sentiment explain financial crisis wherein traditional financial
models have failed to rationalize? How does sentiment work in the formation of financial crisis? These are particularly
pertinent questions to ask given that we are living in the period with more frequent occurrence of financial crises.
Comparing to the large volume of published works on investor sentiment, few studies have directly linked sentiment
to market crises. Among these are [17,18] that focus on U.S. stock market crash of 1987 and [19] who use a panel data
of international stock markets to find the contribution of investor sentiment in raising the probability of crises within
one-year horizon.

Against such backdrop, we aim to investigate the role of investor sentiment on the dynamics of asset prices and market
crises within the framework of a heterogeneous agent model (HAM). HAM is a burgeoning framework under behavioral
finance which incorporates interacting agents with heterogeneous trading beliefs in the model. Instead of following
standard representative agent assumption, HAM assumes the differentiation of traders, especially with respect to their
expectations or beliefs on future price. A strand of HAM literature based on a dichotomy of fundamentalist and chartist
beliefs has been proven useful in accommodating market features that seem not easily reconcilable under the traditional
financial market theory. These features include fat tail, volatility clustering, bubbles and crises (see pioneering works by
Day and Huang [20]; Lux [3]; Brock and Hommes [21]; Kaizoji [22]; Chiarella and He [23]; He and Westerhoff [24]). While
HAM has gained increased popularity in recent years, only a small number of HAM studies have taken into account investor
sentiment [25,26], let alone a rigorous research on the role of sentiment in financial market. To fill this gap in the literature,
in this paper, we propose a HAM model with sentiment indicator that captures memory of sentiment, social interaction
and sentiment shock. Our idea of social interaction is inspired by the work of Lux [3,4] which emphasize that agents are not
isolated units. Speculators, also known as chartists, rely on both actual price movements as well as the behavior of their
competitors in forming their expectations. As such, we suggest that sentiment may not affect everyone in a homogeneous
way. This conjecture is founded on the abundant evidence of behavioral heterogeneity between individual traders and
institutional traders, in which the former often lacks access to insider information and thus is more susceptible to market
sentiment (see [2,27]). Under our HAM setting, fundamentalists represent rational arbitrageurs that possess information
about fundamental asset value, whereas chartists are ill-informed speculators extrapolating on market trend. We thus
discriminate between these two groups by assuming only chartists’ expectations are liable to market sentiment. An
endogenous mechanism between sentiment and agent’s belief switching is developed as investors are allowed to switch
between fundamentalist and chartist beliefs according to the past performance of each strategy, while the sentiment index
is contingent on the fraction of adopted beliefs in the market.

We model heterogeneous responses to sentiment under a fundamentalist-chartist framework. Some highlights of our
model simulation findings include: (1) sentiment contributes to stylized facts such as fat tails, volatility clustering and
long memory dependence of daily returns that are commonly observed in actual stock markets; (2) we find that market
volatility increases with the presence of sentiment and investor sentiment may help to explain the excess volatility puzzle;
and (3) our model with sentiment is able to replicate different types of crises, including sudden crisis, disturbing crisis
and smooth crisis as in [28] and show that sentiment sensitivity of investors is positively correlated with the frequency
and the magnitude of crisis.

This paper is organized as follows. Section 2 defines investor sentiment and explains the formation of market sentiment.
Section 3 presents the HAM model. Section 4 analyzes and discusses the simulation results with focus on stylized facts,
market volatility and crises of the US stock market. Section 5 carries out several robustness checks. Section 6 concludes.
2
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2
. Sentiment

Classical finance theory neglects the role of investor sentiment as investors are supposed to be rational. Rational
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o market sentiment. Moreover, momentum and contrarian traders also react differently with respect to positive and
egative sentiments. An endogenous mechanism between sentiment and agents’ belief switching is developed, in that

nvestors are allowed to switch their beliefs according to past performance while the sentiment index is contingent on
he fraction of adopted beliefs in the market. As in [20], market price in each period is determined by a market maker
ho adjusts price as a function of excess demand.

.1. Fundamentalists

We assume that fundamentalists have more knowledge about the economy and have an idea about the market
undamental value. Hence, fundamentalists make decision based on the market price deviation from fundamental price,

t . In particular, they believe that market price pt is mean-reverting to its intrinsic value and hence will buy (sell) the
tock when its current price is below (above) its fundamental value. They estimate the fundamental price based on various
ypes of fundamental information, such as expected dividends, earnings, price-earnings ratios, economic growth and so
orth. In each period, the fundamental price is updated with new information arrival which is accessible to the public.
he prior of µt is governed by:

µt = µ + et (1)

where µ is the mean of fundamental value and the noise term et is independently and normally distributed with mean 0
nd standard deviation σ . Instead of deriving the demand functions from expected utility maximization, we adopt simple
emand functions for all the three types of agents. As shown in some literature, such as [36,37], and [20], these seemingly

ad hoc’ assets demand functions can be reconciled with the underlying utility maximization. The excess demand of
undamentalists Df ,t is based on the spread between the latest market price pt and the fundamental price µt , which
an be written as:

Df ,t = A(xt )(µt − pt ) (2)

The reaction function A (xt) captures the behavior of the fundamentalists when price is around the fundamental price. It
s assumed to be a nonlinear smooth and symmetric function of price deviation from fundamental value. Let xt = pt − µt
enotes this price deviation, then:

A(xt ) =
ax2

t

1 + bx4
t

(3)

A(xt ) could mimic the change in confidence of fundamentalists. The similar capture of nonlinear confidence behavior
for fundamentalist has also been discussed in [20,38,39], and [40]. We assume fundamentalists’ confidence continuously
increases with absolute price deviation |xt | in a reasonable zone xt ∈ (−Zt , Zt), and the range is determined by
parameter b. Within this reasonable zone, fundamentalists firmly hold the fundamental strategy, and the rise of price
misalignment makes them feel more confident that price will revert to fundamental value soon, so they should grasp
the opportunity to buy or sell stocks to maximize their gain. As argued by Reitz and Westerhoff [39], the larger the
deviation from fundamental value, the stronger the confidence in mean reversion of fundamentalists. However, if the
misalignment further increases and exceeds the reasonable zone, with high uncertainty in the market, traders face
a fundamental risk [40,41] which causes the fundamentalists’ confidence to diminish and the traders thus become
increasingly reluctant to submit orders [42]. The decreasing power of fundamentalist with increasing price deviation
has been proven theoretically and empirically in [38,43,44], and [45]. The shape of A (xt) function is shown in Fig. 1. The
nonlinear and non-monotonic reaction function is not a crucial assumption for the dynamics generated from the model,
but it is more realistic assumption of fundamentalist behavior in financial market.

3.2. Chartist

There are two types of chartists in the financial market, namely momentum traders and contrarian traders. Unlike the
fundamentalists, both momentum traders and contrarian traders focus only on their short-term estimated market value,
vt , albeit different strategies are adopted by both parties. Similar to fundamentalists, chartists also have time-varying
extrapolation rate, but their trading behaviors or confidence levels are sensitive to market sentiment.

Momentum traders When the current market price is above the short-term value, momentum traders expect future
market price to rise and choose to take a long position; conversely, they take a short position. Excess demand of
momentum traders is assumed to evolve over time based on the current short-term value by:

Dmo,t = β1mt (pt − vt) (4)

where β1mt is the time-varying extrapolation rate of price trend. β1 > 0, represents the base extrapolation rate without
sentiment effect. mt is the time-varying sentiment factor, which is updated each period and will affect the trading decision
of investors for next period. The sentiment factor is constructed as:

m = 1 + h tanh [κ(p − v )] S (5)
t 1 t t t

4
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Fig. 1. Confidence function for fundamentalist.

where the sentiment index St is derived from social interaction of different types of agents and random sentiment-related
information such as news and policies. St ∈ [−1, 1] and the construction of sentiment index will be introduced later.

1 ∈ [0, 1] measures sensitivity of momentum traders to market sentiment. If h1 = 0, it means investors are totally
mmune to sentiment, and the extrapolation rate is only determined by β1 as mt = 1. On the contrary, h1 = 1 indicates
hat traders are very sensitive to sentiment that they perceive in financial markets.

Both positive and negative sentiments are expected to stimulate opposite impacts on chartists’ long position and short
osition. More specifically, positive sentiment can reinforce the confidence of momentum traders in long position and
aise their cautiousness in short position, while negative sentiment can bolster confidence of momentum traders on short
osition and weaken it on long position. If the price is above vt while current market sentiment is positive, momentum
raders will feel more confident to follow the price trend and buy in. Hence, their confidence level increases with further
rice deviation given positive market sentiment. On the other hand, if price trend is upward but market sentiment is
egative, momentum traders will still follow the trend but with less confidence. This contradiction of momentum traders’
rediction against market sentiment makes them more cautious and reduce their demand for the speculative asset. Besides
he market sentiment, the price deviation from the short-term value (pt − vt ) also exerts an impact on the investor’s
entiment. To standardize price deviation (pt − vt ) within the range of (−1, 1), we introduce a tanh function with a
caling factor κ . Thus, the range of mt is [0, 2].

ontrarian traders Unlike momentum traders, contrarian investors trade stock based on the hypothesis of market
verreaction. Specifically, when current price is higher than short-term value vt , they believe that future market price
ill drop and therefore take a short position; conversely, they take the long position. We assume contrarian traders use

he same method as momentum traders to calculate short-term value vt , hence the demand function of contrarian traders
an be expressed as:

Dco,t = β2ct (pt − vt) (6)

Similarly, β2ct is the time-varying extrapolation rate of price trend for contrarian traders. β2 < 0, represents the base
xtrapolation rate without sentiment effect and ct is the time-varying sentiment factor for contrarian traders, which can
e written as:

ct = 1 − h2tanh[κ(pt − vt )]St (7)

where h2 is sensitivity of contrarian traders to market sentiment with a range [0, 1]. Although contrarian traders adopt
trading strategy opposite to that of momentum traders, they are affected by market sentiment in the same way. When
market price is above vt , contrarian traders expect price to decline. If the market sentiment is negative, contrarian traders
will be more confident to take the short position. However, positive market sentiment will decrease the confidence level
of contrarian investors. Besides the market sentiment, price deviation is another element that contributes to contrarian
traders’ sentiment factor ct .

Short-term value vt for chartists Let us look more closely at the short-term asset value, vt . We assume that all chartists,

both momentum traders and contrarian traders, hold on to an identical short-term asset value. As in [28,46], we assume

5
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hat chartists adopt the adaptive belief mechanism where they update their expectations on short-term asset value
ccording to different price regimes. They believe in support and resistance levels which are derived from common rules
f technical analysis. Accordingly, chartists divide price domain P = [Pmin, Pmax] into n regimes such that:

P =

n⋃
j=1

Pj = [p0, p1)
⋃

[p1, p2)
⋃

· · ·

⋃
[pn−1, pn] (8)

where pj for j = 1, 2, · · · , n represents the different support and resistance levels set by the chartists. The short-term
sset value can be simply extrapolated as the average of the top and the bottom threshold prices:

vt =
(
pj−1 + pj

)
/2, if pt ∈

[
pj−1, pj

)
(9)

When price fluctuates within the current regime, there are enough reasons for chartists to believe that the short-term asset
value will remain unchanged for next period. However, once the price breaks through either the support or resistance
lines, chartists will adjust their expectation on the short-term asset value according to Eq. (9). This regime dependent
phenomenon is commonly found in stock market with chartist’s beliefs evolve with regime switching. According to [28],
the short-term asset value for each period is estimated as:

vt =

(
⌊

pt

λ
⌋ + ⌈

pt

λ
⌉

)
·

λ

2
, if pt ∈

[
pj−1, pj

)
and j = 1, 2 · · · n (10)

.3. Belief switching regime

One of the important features underlying the model is the belief switching regime of agents, which has become widely
dopted since it was first proposed by Brock and Hommes [47]. Experimental evidence of beliefs switching behavior has
een found in recent studies by Anufriev and Hommes [48], Anufriev et al. [49], Anufriev et al. [50] and Anufriev et al.
51]. This regime switching behavior assumes that, at the end of each trading period, agents may switch their prediction
trategies or beliefs conditional on the past performance of three rules. Specifically, the performance measure depends
n realized profitability πt , which is defined as:

πn,t = (pt − pt−1) Dn,t−1 (11)

Where n denotes different types of agents. For simplicity, we assume that the gross interest rate between period t − 1
nd period t is one and there is no cost for fundamentalists to acquire additional information. We further introduce
dditional memory into the measurement of performance. The performance Ut can be calculated as the geometrically
eclining weighted average of the realized profits, given by:

Un,t = ϕUn,t−1 + πn,t (12)

where 0 ≤ ϕ ≤ 1 represents the strength of memory put into the last-period performance.
We use ωn,t to denote market fraction of three different types of investors. The fractions of three groups vary

ndogenously over time according to the choice model introduced by Manski et al. [52] as well as [21,47]:

ωn,t =
exp(ρUn,t )∑3

h=1 exp(ρUn,t )
(13)

Note that, the new fractions of traders are determined on the basis of the most recent performance measure Un,t . The
parameter ρ > 0 is the intensity of choice. It measures the sensitivity of agents to the difference of past performance. The
higher is ρ, the quicker agents will respond to difference in performance by switching to the most profitable strategy. For
finite ρ, ωh,t is always positive which implies that not all agents are going for strategy that gives highest profit.

3.4. Sentiment index

As pointed out in Section 2, there are three important sources of sentiment, namely memory of sentiment(last-period
sentiment), investor mood from social interaction, and sentiment shock such as news, polices, firm innovations and so
forth. We develop the sentiment index by simply combining these three sources. Although it is only used to explain the
formation of sentiment in our model. One can also use this method to construct sentiment indexes for the real financial
markets. The index function can be written as:

St = η1St−1 + η2SIt + η3ϵt (14)

where η1, η2, η3 are weights assigned to different factors, such that η1 + η2 + η3 = 1. ϵt is the sentiment shock, which
we assume to follow a uniform distribution with range [−1, 1]. SIt is social interaction of different types of investors,
which influences the current market mood. The idea is inspired by majority opinion formation in [3,53], and [54], in
which the majority opinion index is computed as the difference between optimistic and pessimistic individuals. Different
from [54], we assume that the opinion index not only contains the opinion of optimistic and pessimistic chartists, but also
6
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ncludes the opinion of fundamentalists. The social interaction should exist among all types of investors, including both
undamentalist and chartist groups. Fundamentalists are optimistic (pessimistic) investors when market price is below
above) their fundamental values. Two different types of chartist may change their opinion under different market states.
or instance, when current market price is above the short-term value vt , momentum traders believe price will continue
o go up and thus they belong to the optimistic group. In contrast to momentum traders, contrarian traders believe price
rend will reverse and hence they belong to the pessimistic group. However, in the next period, if the market price falls
elow the short-term value vt+1, momentum traders will become pessimistic while contrarian traders will switch to

optimistic opinion. Besides the fractions of different agents, the price deviations from fundamental value µt and short-
erm value vt could also affect the opinion index. Large price deviation could make investor opinion more convincing
n social interaction. By considering both fractions of agents and magnitude of price deviation, we construct the social
nteraction index as:

SIt = tanh [κ (µt − pt)] ωf ,t + tanh [κ (pt − vt)]
(
ωmo,t − ωco,t

)
(15)

where ωf ,t , ωmo,t , ωco,t are fractions of fundamentalists, momentum traders and contrarian traders in financial market,
espectively. tanh function and κ are used to scale the price deviation, so both the range of SIt and the range of sentiment
ndex St can be constrained to [−1, 1].

.5. Market clearing mechanism

Instead of using Walrasian auctioneer clearing mechanism, we adopt market maker mechanism, which is akin to the
ole of specialists in New York Stock Exchange. We assume net zero supply of the risky asset, and market price is set
y a market maker who take into consideration excess demand of all agents. The aggregate market’s excess demand

s weighted by population fraction. Hence, for a three-agent model (including fundamentalists, momentum traders and
ontrarian traders), the price pt+1 is set by market maker according to the aggregate excess demand, that is:

pt+1 = pt + γ
(
ωf ,t Df ,t + ωmo,t Dmo,t + ωco,t Dco,t

)
(16)

where γ measures the speed of price adjustment by the market maker.

. Numerical simulation with stochastic model

.1. Stylized facts

We calibrate the sentiment model such that it mimics some well-documented stylized facts of financial markets
ollowing the practice of existing literature (See for example, [55]). As summarized by Westerhoff and Dieci [56], the five
alient characteristics of real-world speculative prices include (1) price distortions in the forms of bubbles and crashes;
2) excess price volatility; (3) leptokurtic distribution of returns (characterized by kurtosis exceeding 3); (4) negligible
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Fig. 2. The dynamics of daily S&P500 index between Jan 3, 2000 and Feb 12, 2019. The panel shows (a) the evolution of the stock price index (b)
he returns, (c) the histogram of returns overlaid by normal curve and (d) the autocorrelation function of raw returns (red line) together with the
utocorrelation function of absolute returns (blue line).

Table 1
Standard parameter setting.
Parameter Value Definition

µ 1014 Mean of fundamental prices
σ 1 SD of fundamental prices
β1 1.75 Momentum extrapolation rate
β2 −1.25 Contrarian extrapolation rate
ϕ 0.1 Performance memory strength
ρ 0.5 Intensity of choice
γ 0.845 Speed of price adjustment
η1 0.4 Last-period sentiment weight
η2 0.5 Social interaction weight
η3 0.1 Sentiment shock weight
λ 12 Support and resistance level
a 1.11×10−5 Confident function factor
b 1×10−8 Confident function factor
κ 1000 Scaling factor
h = h1 = h2 0/1 Without sentiment/with sentiment

Table 2
Summary statistics of returns.
Variable Kurtosis Skewness Mean SD Min Max

Actual market
S&P 500 11.481 −0.215 0.000 0.012 −0.095 0.110

Artificial market
With sentiment 6.677 −0.099 0.000 0.010 −0.095 0.064
Without sentiment 2.140 −0.017 0.000 0.005 −0.010 0.010
8
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Fig. 3. The dynamics of the models with sentiment (left) and without sentiment (right). The panels show, from top to bottom, the evolution of the
stock prices, the returns, the histogram of returns overlaid by normal curve and the ACF of raw returns (red line) together with the ACF of absolute
returns (blue line), respectively. The simulation run is based on 17,000 observations.

with sentiment are 6.68 and −0.099, respectively; whereas model without sentiment have underestimated kurtosis and
kewness of 2.14 and −0.017, respectively.

To check whether there exists long memory dependence in daily returns, we plot ACFs for both raw daily returns (blue
ine) and absolute daily returns (red line). Without sentiment, the absolute returns have fast-decaying ACF, suggesting
here is no long-range dependence for daily returns. However, with sentiment, ACF of absolute returns is strong and
ersistent even after 50 lags. This finding matches the stylized facts of real stock returns, that cross-correlation should be
eak for raw returns but strong for absolute returns. This qualitative finding holds for simulation based on deterministic
odel where we further exclude the contribution of stochastic noise to these statistical properties. We also conduct
9
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K

Fig. 4. The effect of sentiment sensitivity on market volatility with 1,000 simulations.

robustness checks by evaluating several statistical properties of simulated prices and returns for 1000 simulation runs
across a range of sentiment sensitivity parameter values. For more details, please refer to Table 3.

4.2. Sentiment and excess volatility

Prices of financial assets are typically more volatile than can be justified within standard asset pricing model. This
result, known as excess volatility, has been documented in many studies, such as [57,58], and [59]. Recently, some studies
attempt to use behavioral approach to tackle the excess volatility puzzle (See for examples, [60–63]). In order to study the
effect of sentiment on excess volatility, we use the standard deviation of the market prices from the fundamental values
SDp−µ as a quantitative measure of market volatility. The standard deviation value, SDp−µ, is computed as follows:

SDp−µ =

√ 1
T

T∑
t=1

(pt − µt)
2 (17)

eeping the same standard parameter set, the deviation of the market prices from the fundamental values SDp−µ is 358.95
for the model with sentiment and 58.46 for the model without sentiment. This implies that the market is more volatile
when sentiment effect is included. In general, we find that SDp−µ becomes larger as the sentiment sensitivity parameter
h increases from 0 to 1.

To check the result robustness, we perform Monte Carlo simulation by running the stochastic model 1,000 times using
the standard parameter values with different levels of sentiment sensitivity h from 0 to 1 with an interval of 0.2. Then, we
calculate the standard deviation value using Eq. (17) for each simulated series. Lastly, the average standard deviation value
is calculated based on 1000 simulations for each sentiment sensitivity level. Fig. 4 shows the average standard deviation
values SDp−µ for 1,000 simulation runs at different h values. As we can see, the average value of SDp−µ increases with the
sentiment sensitivity, suggesting that the market volatility is positively correlated to the investors’ sensitivity to market
sentiment.

4.3. Sentiment and crises

Financial crisis is the main aspect we are interested to investigate under the HAM framework. Many researchers
have proven and indicated that the standard financial theory fails to envisage the occurrence of financial crises, and
heterogeneous beliefs and interaction of heterogeneous agents should be taken into account to understand financial crises.
Some studies have substantiated that models with heterogeneous beliefs have extraordinary power in explaining financial
crises (See [28,63–65]). In this section, we investigate different financial crises under the HAM framework as in [28] with
the primary focus on the role of sentiment on the formation of crises.

Huang et al. [28] have successfully replicated three typical types of financial crises, namely sudden crisis, smooth crisis
and disturbing crisis, by using HAM. They find that financial crises are attributable to the endogenous price dynamic from
agents’ interaction and both fundamentalists and chartists could potentially contribute to the crises. Inspired by their
study, we aim to generate the three typical types of financial crises using our three-agent model with fundamentalists,
momentum traders and contrarian traders. For more accurate replication of crisis patterns, we set µ = 200, ρ = 0.7, γ =

1.8, λ = 10, b = (1/150)4, while keeping other parameters in line with the standard values.
10
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Fig. 5. Sudden crisis modeling. The panels show, from top to bottom (a) comparison between simulated price with S&P 500 from 1987/8/3 to
1987/12/22, (b) simulated sentiment, and (c) fractions of 3 types of investors.

In a sudden crisis, the stock price drops abruptly from the peak (or near peak) to the bottom within a short time frame.
According to [28], when the price is at the peak, it is highly overvalued. Observing opportunities for profit, investors switch
to fundamental strategy excessively and execute great selling forces that cause the steep fall in price. Contrary to their
results, we find no contribution of fundamentalists before and during the sudden crisis. As illustrated in Fig. 5, there is
a dramatic price fall between t=50 and t=60, during which, the market is dominated by momentum traders without any
switching to fundamental strategy. Our results suggest that it is the strong negative sentiment that drives the market
crash. Due to either an exogenous cause or regime switching, the stock price starts to go down at around t=45, which

akes the momentum traders change their strategies from buy to sell and create a bearish sentiment. The strong negative
entiment further accelerates selling forces of the momentum traders and subsequently, leads to market panic and causes
sharp decline in price.

In a smooth crisis, the price declines moderately but persistently over a period of time without a visible crash. As
hown from Fig. 6, the downward trend starts somewhere between t = 30 and t = 40 with an increase in the fraction
f fundamentalists. After the first sign of selling from fundamentalists, there are some counter-movements in the price
aused by contrarian traders. When the downward trend becomes more observable, investors cluster to momentum
rading strategy and execute more selling forces to push the price further down. During the period of price decline, the
arket sentiment switches between bullish and bearish with more negative values overall. From t = 30 to t = 70, the

verage value of sentiment is −0.3751.
A disturbing crisis is characterized by volatile fluctuations with a downward trend and possible moderate crashes in

rice. The period of disturbing crisis is somewhere between sudden crisis and smooth crisis. Fig. 7 shows a simulated
isturbing crisis based on our model. Price fluctuates disturbingly before starting to drop sharply at around t = 37 due to
he significant and negative sentiment. From t = 45 to t = 55, the price becomes volatile again as the sentiment fluctuates

between positive and negative values. Subsequently, the downward trend continues with another phase of strong bearish
sentiment. Similar to the other types of crisis, momentum traders are responsible for propagating the downward trend.
However, during the crisis, some investors shift to contrarian strategy because of high market volatility.

The common feature of these three figures is that crises are always accompanied by negative sentiment. During the
crises, bearish sentiment dominates the market which in turn amplifies the crises. To explore the correlation between
sentiment and asset return, we calculate the correlation coefficients between these two variables for the whole simulated
sample as well as each crisis samples. All the results are positive, which indicate that investor sentiment is positively
correlated with return. The correlation coefficient is 0.41 for the whole sample, while coefficients for three crises samples
are all above 0.8. The scatter plots for sentiment-return correlation for three crises are shown in Fig. 8. The sentiment
index seems to have stronger predictive power on asset prices during the crisis periods.

To further investigate the effect of sentiment on crises, we compare the frequency and magnitude of crises in the
simulated series from models with and without sentiment effect in 1000 simulations. Following [19,66], we define the

magnitude of a crisis as the percentage drop from the peak to the trough. The date of the peak is the month when the

11
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Fig. 6. Smooth crisis modeling. The panels show, from top to bottom, (a) comparison between simulated price with S&P 500 from 1932/1/20 to
1932/6/13, (b) simulated sentiment and (c) fractions of 3 types of investors.

Fig. 7. Disturbing crisis modeling. The panels show, from top to bottom, (a) comparison between simulated price with S&P 500 from 1929/8/1 to
1929/12/26 (b) simulated sentiment and (c) fractions of 3 types of investors.

price reaches its maximum value over a T-period window prior to the crisis identification, and the date of the trough is
the month when the price reaches its minimum during the crisis. We adopt a crisis indicator called CMAX used in [19]
with some adjustments. In this method, CMAX is a ratio calculated by dividing the current value of asset by the maximum
price over the previous T periods, in which T is usually set as one to two years.

CMAXt =
Pt (18)
max(Pt−T · · · Pt )
12
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Fig. 8. Scatter plots of sentiment and asset return for different types of crises.

where Pt is the stock market index at time t . CMAX equals one if the price rises over the period considered, indicating
a bullish market. Conversely, if the price declines over the period, CMAX is less than one. A crisis is detected each time
CMAX drops below a threshold value set at two standard deviations below the mean of CMAX. Both mean and standard
deviation values are calculated on the whole sample. However, this method may mistakenly identify the bubble correction
as a crisis. To fix this problem and make it more suitable for detecting crises in simulated data, we add one compulsory
condition, in which the current price must be lower than the fundamental price for a certain threshold value. Therefore,
the crisis indicator Ct is defined as following:

Ct =

{
1, if CMAXt < CMAX − 2σ and Pt < τ ∗ µt

0, otherwise
(19)

where σ is the standard deviation value of CMAX for the whole sample, and 0 < τ < 1 is the threshold to determine the
inimum magnitude to be defined as a crisis. To check the efficiency of this method, we use the S&P 500 monthly data

rom 1950m1 and 2018m12 and the corresponding fundamental values constructed from historical monthly dividend data
o detect the occurrence of actual crisis periods in the US stock market. Both the real S&P 500 prices and dividends on
onthly frequency are provided by Shiller [67]. In accordance to [68], we calculate fundamental stock price value using

tatic Gordon growth model with constant discount rate r and growth rate g of the dividend flows Dt , for which

P∗

t =
1 + g
r − g

Dt (20)

where P∗
t denotes the fundamental price of the stock index. We set T = 12 months and τ = 0.9. As shown in Fig. 9, five

periods of crises are identified during the period 1950–2018. The first crash detected is the Kennedy Slide occurred in
1962, followed by the second tech-stock crash in 1970 and the third crash in 1973–1974 due to the end of Bretton Woods
monetary system and the oil crisis. The most recent two market crashes detected are the 1987 Black Monday crash and
the 2008–2009 global financial crisis.

As our adapted CMAX indicator has been proven reliable in identifying crisis in the real financial market, we attempt
to use it in the simulated data. To be consistent with case of real financial market, we convert the simulated daily data
to monthly data and choose T = 12 months and τ = 0.9 to detect crisis. To obtain a visual impression on the effect of
sentiment on crisis, we try to detect the crisis in the previous two simulated time series with and without sentiment,
respectively. From Fig. 10, we find more crises in the case with sentiment than the case without. To check the robustness
of the result and investigate the magnitude of crisis in these two cases, we further conduct Monte Carlo simulations
with the stochastic model using the standard parameter values across different levels of sentiment sensitivity with an
interval of 0.2. As shown in Fig. 11, the number of crisis increases with sentiment sensitivity level h, which illustrates
the significant positive relationship between the sentiment sensitivity and the frequency of crisis occurrence. We further
investigate whether sentiment affects the magnitude of crisis. As expected, the average magnitude of crisis rises with
higher h which corroborates the effect of sentiment on the depth of crisis. Hence, we conclude that in the simulations,
the market sentiment has a significant effect on crisis in terms of frequency and magnitude. The result is consistent
13
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Fig. 9. Crises detected from 1950 using real S&P 500 data.

Fig. 10. Crisis identified in simulated monthly data with sentiment (left) and without sentiment (right), τ = 0.9.

Fig. 11. The effect of sentiment sensitivity on frequency of crisis (left) and average magnitude of crises (right) with 1000 simulations.
14
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Table 3
Simulated market dynamics with different sentiment sensitivities (average for 1000 simulations).

h = 0 h = 0.2 h = 0.4 h = 0.6 h = 0.8 h = 1

Kurtosis 2.155 2.075 3.396 4.615 4.73 5.804
Skewness −0.01 −0.015 −0.026 −0.036 −0.037 −0.04
AC r1 0.01 0.041 0.166 0.219 0.189 0.166
AC r5 −0.006 −0.004 0.004 0.001 0.007 0.004
AC r10 −0.003 −0.004 −0.002 −0.003 −0.002 −0.003
AC r20 −0.003 −0.002 −0.002 −0.001 −0.001 −0.001
AC |r1| −0.014 −0.003 0.172 0.344 0.372 0.412
AC |r5| 0.07 0.075 0.179 0.252 0.253 0.298
AC |r10| 0.039 0.046 0.167 0.241 0.243 0.29
AC |r20| 0.015 0.025 0.158 0.231 0.235 0.282
SDp−µ 57.796 71.944 217.539 270.436 291.671 339.284
# of crisis 3.618 4.929 6.365 6.728 6.759 6.655
Magnitude of crisis (%) 14.703 17.141 30.961 38.443 39.213 43.804

with findings in [19], which show that investor sentiment positively influences the probability of the occurrence of stock
market crises using panel data of 16 countries.

In summary, we have demonstrated that investor sentiment contributes to more realistic stylized facts. The simulation
esults in Table 3 also show that the market will be more volatile if investors are very sensitive to market sentiment. More
mportantly, we successfully replicate different crises, and find that sentiment could be an important source of crisis
ormation. Through 1000 Monte Carlo simulations, we find the evidence that sentiment could amplify both the frequency
nd magnitude of financial crises.

. Robustness analysis

The goal of this section is to perform robustness checks with alternative models. Firstly, our model employs many
ssumptions, which could make it sensitive to changes in parameters. To check the robustness of our model to changes in
arameter settings, we adjust the value of each parameter by ±20% separately while holding other parameters constant,
nd run 1000 simulations for each adjustment. We find that our main results still hold, which implies our model is not
articularly sensitive to any individual parameter changes. Secondly, for simplicity, the two sensitivity parameters h1 and
2 are assumed to be identical in the benchmark model. In Section 5.1, we relax this assumption and conduct more analysis
y allowing for the heterogeneity of sentiment sensitivity between momentum trader and contrarian trader. Thirdly, we
educe the level of nonlinearity of our model by relaxing several nonlinear assumptions that we previously imposed on
he investor behavior. By excluding possible influences from other factors, such as nonlinear confidence of fundamentalist
nd regime-switching trading rules of chartist, we further confirm the pivotal role of sentiment in contributing to the
ormations of stylized facts and crises in the model. In Section 5.2, we consider different setups for fundamentalist’s
emand function, including the linear form as in [56] and nonlinear form as in [20]. In Section 5.3, we set different trading
ules for chartists to examine the model’s robustness to chartist’s strategy. The main outcomes of the sentiment model
till hold even when we simplify these assumptions albeit the benchmark model is still the best in terms of replicating
he stylized facts and crises.

.1. Heterogeneity in sentiment sensitivity

We run 1000 Monte Carlo simulations using different values for h1 and h2. The simulated results are shown in Table 4.
verall, as h1 increases, the model generates more realistic statistical properties even if h2 decreases. It is interesting to
ote that the average fraction of momentum traders is generally very high (86.1%–94.5%). Most of the time, the market is
ominated by momentum traders. Hence, it seems the model is mostly governed by h1. On the contrary, h2 has minimal
ffect due to small fraction of contrarian traders (1.2%–4.5%). In addition, we also find that there is a positive correlation
etween sentiment sensitivity and fraction of traders for both types of chartists. Accordingly, the participation of chartists

n the market depends on their respective sensitivity to sentiment.

.2. Linear and nonlinear behaviors of fundamentalist

Sentiment model is robust to the alternative assumptions of fundamentalist behavior. Specifically, the main results
old even if we change the confidence function in the benchmark model into two commonly used forms in the extant
AM literature, which are the linear function as in [56] and the nonlinear monotonous function as in [20]. The linear and
onlinear functions are shown in Eq. (21) and Eq. (22), respectively.

Df ,t = af (µt − pt ) (21)

d d
Df ,t = (pt − a1µt ) (a2µt − pt ) (µt − pt ) (22)
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Table 4
Simulated market dynamics with h1 6Dh2 (average for 1000 simulations).

h1 D 0; h2 D 1 h1 D 0:2; h2 D 0:8 h1 D 0:4; h2 D 0:6 h1 D 0:6; h2 D 0:4 h1 D 0:8; h2 D 0:2 h1 D 1; h2 D 0

Kurtosis 2.194 2.082 3.537 4.415 4.795 5.664
Skewness � 0.009 � 0.0014 � 0.029 � 0.035 � 0.035 � 0.038
AC r1 0.009 0.04 0.168 0.218 0.189 0.166
AC r5 � 0.002 � 0.001 0.005 0.001 0.007 0.005
AC r10 � 0.003 � 0.003 � 0.002 � 0.003 � 0.003 � 0.004
AC r20 � 0.003 � 0.003 � 0.002 � 0.001 � 0.001 � 0.001
AC jr1 j 0.01 0.021 0.189 0.331 0.378 0.409
AC jr5 j 0.088 0.09 0.193 0.238 0.259 0.296
AC jr10 j 0.058 0.06 0.18 0.227 0.251 0.288
AC jr20 j 0.032 0.037 0.17 0.219 0.243 0.279
SDp� � 57.164 68.815 225.516 264.671 295.907 338.424
# of crisis 3.719 4.8 6.388 6.631 6.614 6.655
Magnitude of crisis (%) 14.608 16.743 31.562 37.117 39.597 42.976

Average fraction 9.2 8.6 8.2 6.8 5.5 4.3
of fundamentalist (%)
Average fraction 86.1 87.7 89.1 91.3 92.9 94.5
of momentum (%)
Average fraction 4.6 3.7 2.6 1.9 1.5 1.2
of contrarian (%)

In Eq. (21), af is a positive constant and fundamentalists are assumed to react with the same speed of mean reversion
given any price deviation. Eq. (22) is the generalized version of demand function for fundamentalist following [20], in
which d < 0; 0 � a1 < 1; a2 > 1. The function implies that the more price deviates from its fundamental value,
the more quickly the price trend is going to reverse within the range ( a1� t ; a2� t ). As can be seen from Table 5, after
replacing the chance function with linear or nonlinear monotonous function, the sentiment model can still replicate most
of the stylized facts, and the amplification effect of sentiment on volatility and crises remains. It suggests that the exact
specification of fundamental demand component is not crucial for the model's ability to explain the stylized facts and
crises in the financial markets. However, the nonlinear confidence function of fundamentalist can generate more realistic
stylized facts with a wider range of sentiment sensitivity. For instance, the tail fatness appears from h D 0:4 under the
benchmark model, whereas under the linear chance function, tail fatness only becomes evident at h D 1. In addition, it also
helps to explain why the boom and bust cycles in the actual financial markets last longer than expected. Fundamentalists
may lose confidence and fail to drive price back to fundamental value if the price deviation is big enough .

5.3. Different technical rules of chartists

Finally, we check the robustness of the sentiment model with regards to the technical trading rule of chartists.
According to [69], moving average is one of the simplest and most popular trading rules in technical analysis. Furthermore,
it is well known that different trading strategies utilize different lengths of past periods (see [70�72]). To account for
different time horizons in forming strategies for chartists, we use moving average with different large lengths of historical
prices. The short-run reference value for chartists can be written as a simple moving average of L lag prices:

vt D
1

L

LX

iD1

pt � i (23)

where L is a positive integer. If L D 1, the simple moving average is equivalent to trend extrapolative rule as in [56],
which assumes the chartists base their orders on the most recent price change. In this case, The larger the price trend,
the stronger the demand. The excess demand of momentum traders can be computed as:

Dmo;t D � 1mt (pt � pt � 1) (24)

Following [25], we also test an exponential moving average rule for chartists, in which the short-run can be written as:

vt D kpt C (1 � k)vt � 1 (25)

Table 6 tests the robustness in our model using simple moving average rule with different values of L. It shows that the
value of L does not affect the main results, and our model can still duplicate stylized facts and crisis. Table 7 compares
results for the two alternative trading strategies � exponential moving average and extrapolative trend. All the results
are based on 1000 simulations with a linear demand function of the fundamentalists. Overall, most parts of stylized facts
can still be replicated. More importantly, the impact of sentiment on excess volatility, leptokurtosis of returns, volatility
clustering and magnitude of crisis still persists.
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Table 5
Simulated market dynamics with different sentiment sensitivities using linear and [20] setups for fundamentalist demand function (average for 1000 simulations).

Linear demand function Day and Huang (1990) demand function

h D 0 h D 0.2 h D 0.4 h D 0.6 h D 0.8 h D 1 h D 0 h D 0.2 h D 0.4 h D 0.6 h D 0.8 h D 1

Kurtosis 2.378 2.312 2.657 2.931 3.053 3.377 2.537 2.551 3.442 4.397 4.807 5.309
Skewness � 0.018 � 0.02 � 0.057 � 0.091 � 0.088 � 0.109 � 0.009 � 0.012 � 0.043 � 0.077 � 0.086 � 0.106
AC r1 0.013 0.041 0.159 0.218 0.188 0.165 0.022 0.05 0.183 0.225 0.191 0.166
AC r5 � 0.004 0.000 0.006 0.002 0.007 0.004 � 0.003 0.000 0.003 � 0.002 0.002 � 0.002
AC r10 � 0.001 0 � 0.001 � 0.001 � 0.001 � 0.002 0.000 0.000 � 0.002 � 0.002 � 0.002 � 0.003
AC r20 0.000 0.000 � 0.001 � 0.002 � 0.001 � 0.001 0.000 0.000 � 0.001 � 0.001 � 0.002 � 0.001
AC jr1 j 0.035 0.063 0.172 0.299 0.332 0.352 0.087 0.123 0.248 0.37 0.403 0.418
AC jr5 j 0.103 0.126 0.183 0.209 0.214 0.238 0.134 0.165 0.231 0.276 0.291 0.315
AC jr10 j 0.074 0.097 0.166 0.195 0.202 0.227 0.086 0.116 0.194 0.25 0.27 0.298
AC jr20 j 0.058 0.084 0.158 0.188 0.196 0.223 0.058 0.088 0.175 0.235 0.259 0.29
SDp� � 141.601 164.813 239.047 266.797 277.417 293.9 145.606 164.613 234.051 281.749 304.278 336.214
# of crisis 5.56 5.872 6.774 7.376 7.268 7.353 5.452 5.837 6.59 6.76 6.842 6.8
Magnitude of crisis (%) 20.166 22.44 30.059 35.723 36.732 38.883 20.927 23.511 33.006 38.715 40.851 42.916

Note: We set af D 0:01 for linear demand function; d D � 0:4; a1 D 0 and a2 D 2:4 for [20] demand function.
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Table 6
Simulated market dynamics with different period length L (average for 1000 simulations).

Without sentiment ( h D 0)

L D 1 L D 5 L D 10 L D 20

Kurtosis 3.557 3.507 3.513 3.421
Skewness � 0.006 � 0.001 � 0.001 0
AC r1 0.095 0.114 0.111 0.089
AC r5 0.002 0.028 0.026 0.012
AC r10 � 0.002 0 0.008 0.008
AC r20 � 0.002 � 0.003 � 0.002 0
AC jr1 j 0.106 0.065 0.061 0.05
AC jr5 j 0.059 0.056 0.058 0.048
AC jr10 j 0.057 0.054 0.054 0.047
AC jr20 j 0.056 0.052 0.053 0.045
SDp� � 176.808 169.885 169.963 158.062
# of crisis 9.078 9.096 9.076 8.953
Magnitude of crisis (%) 40.234 39.708 39.86 37.884

With sentiment ( h D 1)

L D 1 L D 5 L D 10 L D 20

Kurtosis 4.375 4.451 6.198 4.945
Skewness � 0.033 � 0.017 � 0.034 � 0.018
AC r1 0.221 0.224 0.231 0.164
AC r5 � 0.049 0.099 0.107 0.05
AC r10 0.001 0.02 0.056 0.036
AC r20 � 0.006 � 0.005 0.004 0.011
AC jr1 j 0.232 0.141 0.168 0.111
AC jr5 j 0.09 0.109 0.153 0.105
AC jr10 j 0.082 0.094 0.137 0.1
AC jr20 j 0.078 0.087 0.122 0.92
SDp� � 197.421 206.542 230.592 203.714
# of crisis 9.564 9.561 9.277 8.871
Magnitude of crisis (%) 49.301 50.39 55.511 49.493

6. Conclusion

In this paper, we develop a sentiment model with heterogeneous agents in a financial market. We conjecture that
investor sentiment has heterogeneous influence on different types of investors and the sentiment effect is transmittable
through interaction among agents. We then carry out an in-depth analysis on the role of sentiment with model
simulations.

The key findings of this paper are in two respects. Firstly, reconciling our model with the actual US stock market,
we discover that by supplementing the standard model with investor sentiment, it dramatically improves the model's
ability to replicate stylized facts in financial markets. In particular, numerous key indicators, such as negative skewness,
leptokurtosis and long memory of returns, market volatility, as well as the number of crisis detected increase with higher
level of sentiment sensitivity. Secondly, in many HAM studies, the generation of market volatility and financial crisis is
related to mean-reverting action of fundamentalist (see [28,68,73]). Fundamentalist gradually accumulates market power
in bull market to pull the price down to fundamental value or even lower value, which could transit the market state
from bull to bear and trigger the crashes or crises. However, we find that financial crisis can be triggered even without
mean-reverting action of fundamentalist. With the presence of investor sentiment, just the momentum traders alone can
initiate sudden crisis when there is abrupt downward pressure in the market sentiment. In other words, the sentiment
channel provides an additional explanation underlying different types of financial crises.

While our sentiment HAM model is capable of replicating and even explaining several important features of financial
market, it is not without limitations. One constraint is our model is based on a single market framework. Nonetheless,
given that international financial markets are becoming more and more integrated, it is imperative to account for
sentiment spillover between countries. Our future research may involve extending the sentiment model to a multi-market
setup, so that we are able to develop deeper understanding on the role of investor sentiment as well as the causes of
financial crisis on an international setting.
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Table 7
Simulated market dynamics with different sentiment sensitivities using exponential moving average and extrapolative trend strategy for chartists demand function (average for 1000 simulations).

Exponential moving ( k D 0:5) average Extrapolative trend strategy

h D 0 h D 0.2 h D 0.4 h D 0.6 h D 0.8 h D 1 h D 0 h D 0.2 h D 0.4 h D 0.6 h D 0.8 h D 1

Kurtosis 3.5 3.549 3.617 3.723 3.913 4.259 3.557 3.593 3.651 3.748 3.939 4.375
Skewness � 0.002 � 0.003 � 0.004 � 0.006 � 0.01 � 0.017 � 0.006 � 0.007 � 0.01 � 0.014 � 0.02 � 0.033
AC r1 0.113 0.129 0.148 0.17 0.196 0.226 0.095 0.111 0.131 0.155 0.185 0.221
AC r5 0.021 0.029 0.039 0.051 0.066 0.086 0.002 0.007 0.014 0.022 0.034 0.049
AC r10 0 0.001 0.003 0.006 0.01 0.017 � 0.002 � 0.002 � 0.002 � 0.002 � 0.001 0.001
AC r20 � 0.003 � 0.003 � 0.004 � 0.004 � 0.005 � 0.006 � 0.002 � 0.003 � 0.003 � 0.004 � 0.005 � 0.006
AC jr1 j 0.07 0.079 0.09 0.105 0.124 0.15 0.106 0.121 0.14 0.164 0.194 0.232
AC jr5 j 0.055 0.059 0.063 0.07 0.08 0.096 0.059 0.061 0.064 0.069 0.077 0.09
AC jr10 j 0.053 0.056 0.06 0.065 0.072 0.084 0.057 0.059 0.062 0.066 0.072 0.082
AC jr20 j 0.051 0.054 0.058 0.062 0.069 0.079 0.056 0.058 0.06 0.064 0.069 0.078
SDp� � 169.035 172.429 176.441 181.499 188.128 196.864 176.808 178.924 181.32 184.624 189.657 197.421
# of crisis 9.162 9.286 9.364 9.413 9.494 9.596 9.078 9.203 9.287 9.403 9.487 9.564
Magnitude of crisis (%) 39.815 41.13 42.697 44.513 46.699 49.425 40.234 41.41 42.838 44.543 46.671 49.301

Note: We set af D 0:01 for linear demand function and change the parameter of chartists as � 1 D 0:35; � 2 D � 0:25.
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